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Motivation: Reduced Basis Method

RB Scenario:

I Parametrized applications relying on time-critical or many repeated simulations

Goals:

I O�ine-/Online decomposition

I E�cient reduced simulations

I A posteriori error control

References: [Patera&Rozza, 2006], [Haasdonk et al., 2008]
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Idea of the Reduced Basis Method

Parametrized PDE
Find

, for µ ∈ P ⊂ Rp ,

u : [0,Tmax]→W ⊂ L2(Ω), s.t.

u(0) = u0
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∂tu(t)− L
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plus

(parameter dependent)

boundary
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Example: FV scheme for Burgers-Equation

Burgers Equation

∂tu −∇vuµ1 = 0 (1)

e.g. discretized by �nite volume method with Engquist�Osher �ux.

I Parameter vector µ := (µ1) ∈ [1, 2].

I smooth initial data

I rectangular 120× 60 grid with K = 100 time steps.
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Questions

1. How can we compute e�cient reduced simulations?

2. How can we compute e�cient reduced simulations for
non�linear problems?

3. How can we generate the reduced basis space?

4. How can we apply the RB method to our favorite prob-
lems?



1. How can we compute e�cient reduced simulations?



Reduced basis scheme (Haasdonk et al., 1997)

Reduced simulation (linear with a�ne parameter dependence)
For µ ∈ P �nd

{
uk
h

(µ)
}K
k=0
⊂ Wh

⊂ Wh

, such that

u0h(µ) := Ph [u0(µ)](
Id−∆tLh,I (µ)

) [
uk+1

h
(µ)
]

=
(
Id + ∆tLh,E (µ)

) [
ukh (µ)

]
.
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O�ine-/Online decomposition

A�ne parameter dependence
Assume Lh,I/E can be written as

Lh,I/E (µ)[uh] =

QI/E∑
q=1

σq
I/E

(µ)Lq
h,I/E

[uh].

Reduced operators are: Lred,I/E (µ) = Pred[Lh,I/E (µ)]

∑QI/E
q=1

Size: HxH
Structure: Sparse
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O�ine-/Online decomposition

Assume RB space spanned by N basis functions Φ := {ϕi}Ni=1
.

O�ine matrices
Reduction of parameter independent components: Pred

[
Lq
h,I/E

]

Pred[Lq
h,I/E ] =

Size: NxN
Structure:
Dense

Φt

Size: NxH
Structure:
Dense

Lq
h,I/E

Size: HxH
Structure:
Sparse

Φ
Size: HxN
Structure:
Dense



O�ine-/Online decomposition

Lred,I/E (µ) =
∑QI/E

q=1
σq
I/E

(µ) Pred[Lq
h,I/E

]

online o�ine

Lred,I/E (µ) =
∑QI/E

q=1

Size: NxN
Structure:
Dense



2. How can we compute e�cient reduced simulations for non�linear
problems?



Reduced basis scheme (DHO, 2012)

Reduced simulation (implicit/explicit with Newton scheme)
For µ ∈ P �nd

{
uk
red

(µ)
}K
k=0
⊂ Wred ⊂ Wh, such that

u0
red

:= Pred [u0(µ)] , uk+1

red
:= u

k+1,νmax(k)
red

with Newton iteration

u
k+1,0
red

:= uk
red
, u

k+1,ν+1

red
:= u

k+1,ν
red

+ δk+1,ν+1

red
,(

Id + ∆tDLred,I?|
u
k+1,ν
red

)[
δk+1,ν+1

red

]
= uk

red
− u

k+1,ν
red

−∆t
(
Lred,I?

[
u
k+1,ν
red

]
+ Lred,E?

[
uk
red

])
.



What to do with the operators?

Problem

No a�ne parameter decomposition. . .

Answer

Empirical operator interpolation!
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Example: polynomial interpolation

Polynomial interpolation

I X := L∞([0, 1])

I XIp := Πp polynomials of degree p.

I TIp e.g. Chebyshev points.

I works only in 1D

I polynomials not always best selection
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Empirical interpolation[Barrault et al, 2004]

Empirical interpolation

I X := {f (µ);µ ∈ P} ⊂ L∞(Ω)

I XIM := span{qm}Mm=1
�empirically� determined.

I TIM �empirically� determined.

For selection of interpolation nodes and functions: I EI-greedy
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Empirical interpolation[Barrault et al, 2004]

Empirical interpolation for parametrized functions f (µ) : R→ R.

Base functions:
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Discrete operators need to have �H-independent Dof dependence�.



Empirical operator interpolation[DHO11]

Empirical interpolation for parametrized discrete operators Lh ∈ Wh.

Base functions:
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Empirical operator interpolation: Subgrids

local subgrid
xm

Restrict uh(µ) to subgrid

xm

Evaluate Lh(µ) [uh(µ)] (xm)

E�cient evaluations
The operator evaluations in interpolation points Lh,(µ)[·](xm) can be computed
e�ciently during online phase, if

I the operator has a localized structure (small stencil) and

I the local geometry information is precomputed during o�ine phase.



Empirical interpolation: Fréchet derivative

De�ne lm(µ) :Wh → R, uh 7→ Lh(µ)[uh](xm)

Observation

(
D (IM [Lh(µ)]) |uh [vh]

)
(xm) = Dlm(µ)|uh [vh]

still e�ciently computable with complexity O(M).



O�ine-/Online Decomposition

Compute matrices LI/E , JI ∈ RN×M depending on ured and δred:(
LI/E

)
nm

=
∑M

m=1 l
I/E
m (µ) [ured]

∫
Ω
qmϕn

(JI )nm =
∑M

m=1Dl
I/E
m (µ)|ured [δred]

∫
Ω
qmϕn

onlineonline o�ineo�ine



3. How can we generate the reduced basis space?



Basis Generation methods

Reduce an �intelligent� selection of snapshots by

I Proper orthogonal decomposition,

I Greedy algorithms or

I a combination of both.

Plus: Selection of �magic points� for empirical operator interpolation.

Challenge: Control of error and basis sizes.
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A posteriori error estimator (DHO 2012)

Aim ∥∥ukh (µ)− ukred(µ)
∥∥ ≤ ηk(µ)

Two main contributions:

I Projection error on Wred (exactly computable!)

I Empirical interpolation error (M + M ′ trick)



A posteriori error estimator

Theorem (A posteriori error estimator )
Assumptions:

I Operators ful�ll �Lipschitz� properties:
I ‖u − v + ∆tLI [u]−∆tLI [v ]‖Wh

≥ 1
CI,∆t

‖u − v‖Wh
I ‖u − v −∆tLE [u] + ∆tLE [v ]‖Wh

≤ CE,∆t ‖u − v‖Wh

I M′-trick: Empirical interpolations exact for larger CRB space WM+M′ and

Ph [u0(µ)] ∈ Wred

Then: ∥∥∥ukred(µ)− ukh (µ)
∥∥∥ ≤ ηkN,M(µ)

with

ηN,M(µ) :=

k−1∑
i=0

Ck−i+1

I ,∆t
Ck−i
E ,∆t

(∥∥∥Rk+1

I+E ,M(µ)
∥∥∥+

∥∥∥Rk+1(µ)
∥∥∥)



A posteriori error estimator
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A posteriori error estimator

Theorem (A posteriori error estimator )
Then: ∥∥∥ukred(µ)− ukh (µ)

∥∥∥ ≤ ηkN,M(µ)

with

ηN,M(µ) :=

k−1∑
i=0

Ck−i+1

I ,∆t
Ck−i
E ,∆t

(∥∥∥Rk+1

I+E ,M(µ)
∥∥∥+

∥∥∥Rk+1(µ)
∥∥∥)

The residuals R∗,M measure the empirical interpolation error, e.g.

R
k+1,ν
∗,M :=

M+M′∑
m=M

l∗m
[
u
k+1,ν
red

]
ξm



A posteriori error estimator

Theorem (A posteriori error estimator cont.)
The residuals Rk are e�ciently computable:

∆t2
∥∥∥Rk+1

∥∥∥2 =
〈

∆tRk+1,∆tRk+1
〉

=
(
ak+1 − ak

)T
M
(
ak+1 − ak

)T
+ 2∆t

(
lI

[
ak+1

]
+ lE

[
ak
])T

C
(
ak+1 − ak

)
+ ∆t2

(
lI

[
ak+1

]
+ lE

[
ak
])T

X
(
lI

[
ak+1

]
+ lE

[
ak
])
.



Example: I. Burgers Equation

Burgers Equation

∂tu −∇vuµ1 = 0 (2)

with (implicit) �nite volume discretization with Engquist Osher �ux.

I Parameter vector µ := (µ1) ∈ [0, 2].

I smooth initial data.

I rectangular 120× 60 grid with K = 100 time steps.
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Example I: Solution snapshots

t=0.0 t=0.15 t=0.3(a)

t=0.0 t=0.15 t=0.3(b)

t=0.0 t=0.15 t=0.3(c)

0

0.2

0.4

0.6

0.8

1



Example I: Empirical interpolation of Lh,I

100 200 300 400

50

100

150

M

Λ
M

(a) Lebesgue constant

0 2
0

1

(b) EI-greedy

100

200

300

400

Illustration of interpolation DOF selection for Burgers problem. DOFs corresponding
to darker points are selected �rst.



Example I: Table

I dim(Wh) 9600

I νmax ≈ 1− 20

I #Mtrain 28

N M ø-runtime[s] max. error ø-o�ine time[h]

7,200 0 90.01 0.00 0
42 83 4.42 1.15 · 10−3 0.96
83 166 6.23 6.03 · 10−5 1.34
125 250 8.99 7.43 · 10−6 1.74
166 333 11.6 8.33 · 10−7 2.23
208 416 15.64 2.47 · 10−7 2.78
249 499 19.56 2.38 · 10−7 3.4

N M ø-runtime[s] max. error ø-o�ine time[h]

0 −1 90.01 0.00 0
42 72 4.44 1.73 · 10−3 0.54
83 144 6.04 5.74 · 10−5 1.09
125 216 8.37 7.30 · 10−6 1.55
167 288 11.92 7.63 · 10−7 2.08
208 360 15.08 2.31 · 10−7 2.69
233 402 16.48 1.55 · 10−7 3.27



Example I: Error landscape

100

200
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300

10−5

100

N M

η
N
,M

,M
′

(1,1)
(1,1)

(75,120)
(75,148)

(150,227)
(150,265)

(233,350)
(233,402)

10−6

10−4

10−2

(N,M)



Example II: Nonlinear Di�usion

Nonlinear Di�usion
Problem de�nition:

∂tu −m∆up = 0 in Ω× [0, 1], u(·, 0) = c0 + u0 on Ω× {0}

I Parametrization µ = (p,m, c0) ∈ [1, 5]× [0, 0.01]× [0, 0.2]

I Ω = [0, 1]2 with homogeneous boundary conditions

I rectangular 100x100 grid with K = 80 time steps.
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Example II: Solution snapshots

Initial data:

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

c0

c0+0.1

c0+0.2

c0+0.3
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Sample trajectories:

0.0
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b) t = 0.1 t = 1.0

c) t = 0.1 t = 1.0

d) t = 0.1 t = 1.0

0.0

0.1

0.2

0.3

0.4

0.5

e) t = 0.1 t = 1.0

f) t = 0.1 t = 1.0

g) t = 0.1 t = 1.0

a) µ = (1, 0.01, 0.2), b) µ = (1, 0.01, 0.0),
c) µ = (2, 0.01, 0.2), d) µ = (2, 0.01, 0.0),

e) µ = (4, 0.01, 0.2), f) µ = (4, 0.01, 0.0)



Example II: Greedy error convergence
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Example II: Greedy error convergence
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Example II: Numerical results

I dim(Wh) 10000

I νmax ≈ 1− 20

I #Mtrain,0 27.

I #Mtrain 305

N M ø-runtime[s] max. error ø-o�ine time[h]

0 0 55.38 0.00 0
17 71 1.57 3.56 · 10−3 1.35
33 142 1.95 8.33 · 10−4 1.67
50 213 2.51 2.08 · 10−4 2.07
66 283 3.19 5.88 · 10−5 2.43
83 354 4.07 5.55 · 10−5 2.88
99 425 5.3 4.06 · 10−5 3.3

N M ø-runtime[s] max. error ø-o�ine time[h]

0 −1 55.38 0.00 0
19 72 1.61 3.01 · 10−3 0.16
37 143 2.07 7.90 · 10−4 0.45
56 215 2.67 1.66 · 10−4 1.01
74 286 3.6 6.36 · 10−5 1.69
93 358 4.83 3.54 · 10−5 2.72
111 429 6.55 1.96 · 10−5 4.02



Example II: A posteriori error estimator

E�ciency of error estimator η: λ(µ) := η(µ)

‖uh(µ)−ured(µ)‖
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Error bar plot showing mean and standard deviation of error estimator e�ciency over a
sample of 100 random parameters for di�erent values of M′. The dots indicate the

minimum ( ) and maximum ( ) e�ciency.



Other numerical experiments

I Richards Equation with simple geometry transformation

I Two�phase �ow in porous media (without parametrization and very
simple)



Numerical results

I Problems are implemented with our software package RBmatlab
(http://www.morepas.org/software).

I Computations are executed on compute nodes of the PALMA cluster
at the university of Münster with Intel Xeon Westmere X5650, 2,67
GHz processors and 24 GB RAM per node.



Goals speci�cation

I Abstract reduced basis framework

I Re-use of (existing) implementations of PDE discretizations

I Short implementation time for the reduced simulations



Abstract Software concept



Low�dimensional computations ( )

I Control of o�ine algorithms
I POD-greedy, EI-greedy, PODEI-greedy, . . .
I Gathering and post�processing of reduced matrices

I Low�dimensional computations
I Reduced simulations
I A posteriori error estimation

I Low�dimensional data visualization

I (Implemented in Matlab)



High�dimensional computations ( )

I Storage / manipulation of reduced spaces
I E�cient high dimensional linear algebra algorithms

I POD, orthonormalization, Gram�Matrix computations

I Parametrization
I (Implemented in C++)

I based on DUNE core modules (http://dune-project.org)



The glue

I Communication between Dune-RB and RBmatlab can be
realized by
1. compiling Dune-RB example as (mex-) library for matlab, or
2. TCP/IP communication between two stand�alone applications.



Proof of concept (linear di�usion)
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Proof of concept (linear di�usion)



Proof of concept (linear di�usion)



So, we have a hammer for linear problems. . .



. . . and also one for nonlinear problems.



But how do we make our problems look like nails?



Interface to (linear) PDE discretizations



Interface to (linear) PDE discretizations

Return a�nely decomposed operator parts:

I components: Lq
h,

and

I coe�cients: σq(µ)



Interface to (non�linear) PDE discretizations

Common dependencies for local operator evaluations

Lh,(µ)[·](xm)



Interface to (non�linear) PDE discretizations

Common dependencies for local operator evaluations

Lh,(µ)[·](xm)



Dune-RB grid wrapper

I During detailed simulation
I Delegate calls directly to the grid

I During o�ine phase
I Store all grid and function space information on the subgrid in low�dimensional data

structures

I During online phase
I Delegate calls low�dimensional data structures generated in o�ine phase.



More information

http://morepas.org/software



Outlook

Conclusion

I Model order reduction of general (scalar) parametrized evolution schemes

I with reduced basis methods and empirical interpolation for discrete operators

I Rigorous error control via a posteriori error estimator is possible.

Future work

I Dealing with steep gradients in solution snapshots (non-linear reduced bases?)

I Variable time step width

I 2-Phase �ow system

I Improve software



Outlook

Conclusion

I Model order reduction of general (scalar) parametrized evolution schemes

I with reduced basis methods and empirical interpolation for discrete operators

I Rigorous error control via a posteriori error estimator is possible.

Future work

I Dealing with steep gradients in solution snapshots (non-linear reduced bases?)

I Variable time step width

I 2-Phase �ow system

I Improve software


